Our aim is to prove the boundedness of fractional integral operators on weighted Herz spaces with variable exponent. Our method is based on the theory on Banach function spaces and the Muckenhoupt theory with variable exponent.
Introduction
The boundedness of fractional integrals on function spaces is one of the important problems not in harmonic analysis but also in potential theory and in partial differential equations. Among the development of variable exponent analysis the we can list up boundedness of fractional integrals on function spaces with variable exponent. Capone, CruzUribe and Fiorenza [] have proved the boundedness on Lebesgue spaces with variable exponent, provided that the exponents satisfy the log-Hölder continuous conditions. The conditions on variable exponents have been established by the study of the boundedness of the Hardy-Littlewood maximal operator on spaces with variable exponent [-]. CruzUribe, Fiorenza, Martell and Pérez [] have also proved the boundedness of fractional integrals by virtue of the extrapolation method.
Every Herz space has an interesting norm involving both local and global information and has been studied in harmonic analysis. Lu [] have independently proved the equivalence between the Muckenhoupt condition and the boundedness of the Hardy-Littlewood maximal operator on weighted Lebesgue spaces in the variable exponent setting. We also note that CruzUribe and Wang [] have obtained the boundedness of fractional integrals on weighted Lebesgue spaces with variable exponent applying the extrapolation theorem.
In this paper we define weighted Herz spaces with variable exponent and prove the boundedness of fractional integrals on those spaces under proper assumptions on weights and exponents. Our argument is based on the theory on Banach function spaces and on the Muckenhoupt theory with variable exponent. The authors have also considered other problems on boundedness of some operators on weighted Herz spaces with variable exponent in the recent preprints [, ] .
In this paper we use the following symbols and notation: . For any measurable set E, |E| denotes the Lebesgue measure and χ E means the characteristic function. . A locally integrable and positive function defined on R n is said to be a weight. We write w(E) := E w(x) dx for a weight w and a measurable set E. . If there exists a positive constant C independent of the main parameters such that A ≤ CB, then we write A B. 
Preliminaries

Variable Lebesgue spaces
It is well known that the variable exponent Lebesgue space L p(·) (R n ) becomes a Banach space equipped with a norm given by
Denote by P(R n ) the set of all measurable functions p(·) :
A measurable function p(·) defined on R n is said to be globally log-Hölder continuous if it satisfies
for some real number p ∞ . The set of p(·) satisfying () and () is denoted by LH(R n ). It is also well known that the Hardy-Littlewood maximal operator M, defined by
The Muckenhoupt weights with variable exponent
Let p(·) ∈ P(R n ) and w be a weight. The weighted variable exponent Lebesgue space
The space L p(·) (w) is a Banach space equipped with the norm 
where
Based on the definitionÃ p(·) Diening and Hästö [], Lemma ., have proved the next monotone property.
We next state the relation between the generalized Muckenhoupt conditions and the boundedness of the Hardy-Littlewood maximal operator on weighted Lebesgue spaces in the variable exponent setting.
Then the following three conditions are equivalent: 
Combining Theorems  and  we get the monotone property for the class A p (·) , that is, the next corollary is true.
In order to state the boundedness of fractional integrals on weighted function spaces we shall define the class A(p  (·), p  (·)) as follows.
A weight w is said to be an
Proof Cruz-Uribe and Wang [], Proposition ., have proved a result similar to the lemma. Komori and Matsuoka [] have also considered the case with constant exponent. We will prove the lemma by referring to [, ] . Note that
by the assumption on p  (·) and p  (·). Below we fix a ball B ⊂ R n arbitrarily. It is easy to see
, then, by (), we see that
). This completes the proof.
Herz spaces with variable exponent
Let ⊂ R n be a measurable set and w a positive and locally integrable function on . The
loc ( , w) consists of all functions f satisfying the following condition: for all compact sets E ⊂ there exists a constant λ >  such that
Let l ∈ Z. We use the following notations in order to define Herz spaces:
Herz spaces with variable exponent were initially defined by the first author [, ]. The weighted case has been recently studied by the authors [, ].
Weighted Banach function spaces
We introduce Banach function space and state fundamental properties of it based on the book [] by Bennett and Sharpley. We additionally show some properties of Banach function spaces in terms of the boundedness of the Hardy-Littlewood maximal operator. We will also consider the weighted case based on [] by Karlovich and Spitkovsky. iii. Homogeneity: λf X = |λ| · f X holds for all λ ∈ C. iv. Triangle inequality:
(e) Fatou property:
(f ) For every measurable set F ⊂ R n such that |F| < ∞, χ F X is finite. Additionally there exists a constant C F >  depending only on F so that
Suppose that X is a Banach function space equipped with a norm · X . The associated space X is defined by
The proof of the following fundamental lemma is found in [] .
Lemma  Let X be a Banach function space. Then the following hold: . The associated space X is also a Banach function space. . (The Lorentz-Luxemburg theorem.) (X ) = X holds, in particular, the norms · (X )
and · X are equivalent.
. (The generalized Hölder inequality.) If f ∈ X and g ∈ X , then we have
An easy application of the generalized Hölder inequality gives us the following lemma. with norm equivalence. If we assume some conditions for the boundedness of the Hardy-Littlewood maximal operator M on X, then the norm · X has properties similar to the classical Muckenhoupt weights.
Lemma  If X is a Banach function space, then we have that for all balls B,
 ≤  |B| χ B X χ B
Lemma  Let X be a Banach function space. Suppose that the Hardy-Littlewood maximal operator M is weakly bounded on X, that is,
is true for all f ∈ X and all λ > . Then we have
The proof of Lemma  is found in the first author's paper [], Lemmas . and ., and [], Lemmas G' and H.
Remark  If M is bounded on X, that is, Mf X
f X holds for all f ∈ X, then we can easily check that () holds. On the other hand, if M is bounded on the associate space X , then Lemma  shows that () is true.
Below we define weighted Banach function space and give some of its property. Let X be a Banach function space. The set X loc (R n ) consists of all measurable functions f such that f χ E ∈ X for any compact set E with |E| < ∞. Given a function W such that  < W (x) < ∞ for almost every x ∈ R n , W ∈ X loc (R n ) and W - ∈ (X ) loc (R n ), we define the weighted Banach function space
Then the following hold.
Lemma  . The weighted Banach function space X(R n , W ) is a Banach function space equipped the norm
f X(R n ,W ) := fW X .
. The associate space of X(R n , W ) is a Banach function space and equals
The properties above naturally arise from those of the usual Banach function spaces and the proof is found in [] .
Remark  Let p(·) ∈ P(R n ). Comparing the definition of X(R n , W ) with weighted
Lebesgue spaces L p(·) (w p(·) ) and L p (·) (w -p (·) ) respectively, we obtain the following:
Therefore Lemma  yields
The next lemma has been initially proved by the first author [] 
Proof For the reader's convenience we shall give the proof based on [] . Let A := M X →X and define a function
For every g ∈ X, the function Rg satisfies the following properties:
, that is, Rg is a Muckenhoupt A  weight. We note that the constant A appearing in the right-hand side is independent of g and x. We can write Rg(S) = S Rg(x) dx for every measurable set S ⊂ R n because Rg is a weight.
Thus by virtue of [], Chapter , we can take positive constants C and δ <  depending only on A and n so that, for all balls B and all measurable sets E ⊂ B,
holds. Now we fix g ∈ X with g X ≤  arbitrarily. By virtue of generalized Hölder's inequality we have
Therefore by the duality we get
This completes the proof of the lemma.
The main results
Remarks on boundedness of fractional integrals on Lebesgue spaces
Definition  Given p(·) ∈ P(R n ) and a weight w, we say (
Let  < β < n. Then the fractional integral operator I β is defined by
Cruz-Uribe and Wang [], Corollary ., have obtained the following boundedness of I β on weighted variable exponent Lebesgue spaces.
. Lemma  and the equivalence
Hence we have the following corollary. 
Boundedness of fractional integrals on Herz spaces
. Therefore applying Remark , Lemma , and the Lorentz-Luxemburg theorem we can take constants δ  , δ  ∈ (, ) such that
for all balls B and all measurable sets E ⊂ B. Now we take a positive number β so that  < β < n(δ  + δ  ). Then we can take a real number α such that -nδ  < α < nδ  -β because the choice of β shows -nδ  < nδ  -β. Using p  (·) and β, we additionally define
Applying the monotone property again we have
Thus by Lemma  we get w ∈ A(p  (·), p  (·)). Therefore in the setting as above we can apply Corollary  to obtain the boundedness of the fractional integral operator I β on Herz spaces.
. Then, by the Jensen inequality, we have
Step . We estimate U  . By the definition of I β and the generalized Hölder inequality, we
By taking the L p  (·) (w p  (·) )-norm and using Lemma , we have
.
By (), we see that
By the obvious inequality  jβ χ B j (x) (I β f B j )(x) and the boundedness of
By using Lemma  again, we obtain
(   )
Combining () and () and using Lemma , we get
Thus we get U  ∞ k=-∞ ( j≤k-  αj  (β-nδ  +α)(k-j) f j L p  (·) (w p  (·) ) ) q  . Note that β -nδ  + α < . We consider the two cases ' < q  < ∞' and ' < q  ≤ ' . If  < q  < ∞, then, by using the Hölder inequality, we obtain .
If  < q  ≤ , then by using the Jensen inequality we obtain
